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frequency to nearly zero at 100 Hz. At 7-Hz frequency, however,
the feedback increased the base vibrationsby approximately10 dB.
This tradeoff between the vibration ampli� cation and vibration at-
tenuationoverdifferentfrequencyrangeswas quite acceptablesince
at lower frequencies, the feedback in the optical pointing loop was
large (and can be made even larger, if necessary, by application of
nonlinear dynamic compensation,3 and the total error in the optical
loops was small.

Conclusion
The relation (6) is convenient for estimation of the effects of

disturbance isolation loops in complex feedback systems.
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Introduction

T HE purposeof differentialor relativeglobalpositioningsystem
(GPS) schemes is to provide affordable, all-weather precision

strike capability for a guided weapon without employing a terminal
guidance seeker. Precision strike capability is typically understood
to imply an accuracy at the target on the order of 3-m circular error
probable (CEP), which is substantiallybetter than the accuracy as-
sociated with the standard GPS precise positioning service level of
16-m spherical error probable.Differentialor relativeGPS schemes
are currently receivingmuch attentionbecause they offer the poten-
tial of meeting the U.S. Department of Defense’s identi� cation of
all-weather,precisionstrike weaponryas a focus of modernweapon
systems development. In general, the differential or relative GPS
schemes proposed to date involve the use of two GPS receivers,
one in the guided weapon and a second cooperative receiver, with
communication between the two.1

The basic differentialGPS scheme utilizes a cooperativeGPS re-
ceiver located at a precisely known position, referred to as the base
station.The purposeof the GPS receiver is to provide an estimate of
the random biaslike pseudorangeerrors present in the pseudorange
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measurements for each of the visible satellites, and then to transmit
these to a weapon equipped with a GPS receiver that is operating in
the vicinity.The extent to which these errors are eliminatedfrom the
weapon’s positionsolutiondependson the degreeof spatialand tem-
poral correlation that these errors exhibit between the weapon and
the base station.The drawback to this scheme is that the correlations
degrade substantially over the times and distances typical of most
tactical engagement scenarios, thus rendering the pseudorangeran-
dom bias cancellationnot effective. If the cooperativeGPS receiver
is located onboard a mobile targeting platform such as an airborne
warning and control system, then the precision strike scheme is
more properly referred to as relative GPS. In this implementation,
the relative location of the target with respect to the targeting plat-
form is known very accurately, e.g., through the use of the targeting
aircraft’s synthetic aperature radar. If the precision strike weapon’s
GPS receiver can maintain a high degree of correlation of its GPS
position solutionbias errorswith those of the targetingplatform, the
accuracy achieved at the target can be signi� cantly better than that
of absolute GPS.2 Note that the accuracy claims for relative GPS
navigationhave beenveri� ed, for separationsin time and horizontal
displacement, throughexperiments involving the placementof GPS
receivers at various sites across the United States.3

In the relative GPS correctionvector scheme considered, a high-
quality terrain scene is used in place of the cooperative GPS re-
ceiver to achieve precision strike capability. The location of the
terrain scene relative to the target is known very precisely, a fact
that is guaranteed by the appearance of both on the same satellite
photograph (geocell). At the time of over� ying the terrain scene, a
three-dimensionalcorrectionvector is formed in the navigationsoft-
ware of the precision strike weapon. This vector, which represents
the differencebetween the estimatedweaponpositionand the center
of the terrain scene, is then applied outside of the system Kalman
� lter to correct all GPS positional solutions following the terrain
scene. Application of the correction vector has the effect of essen-
tially eliminatingthe largepseudorangebiaserrors inasmuchasGPS
updates following the terrain scene are highly correlated with that
at the terrain scene given reasonable scene/target separations. Fur-
thermore, the weapon navigates in the terrain scene/target relative
coordinatesystemwhere theabsolutetargeterrorsare not important.

Correction Vector Implementation
To illustrate pictorially the performance of the relative GPS cor-

rection vector concept, the dynamics that occur in the terminal area
are shown in Fig. 1. The weapon follows an actual trajectory that
differs from the planned trajectory (as determined by mission plan-
ning) by the navigation position error. The primary components of
the navigation position error are the pseudorange bias errors asso-
ciated with the pseudorangemeasurements to each of the satellites
being tracked.In the absenceof navigationerror, the planned trajec-
tory would take the weapon to the planned world geodetic system-
(WGS-) 84 coordinates of the scene, which differ from the actual
scene coordinates by the large absolute scene location error. The
planned WGS-84 target coordinates also differ from the actual tar-
get coordinates by the large absolute target location error, which is
nearlyequalto theabsolutescenelocationerror,assumingthe terrain
scene and target are on the same satellite photograph. Application
of the correction vector at the location of the terrain scene restores
the estimated trajectory (dashed line) to within a small distance of
the actual scene center, i.e., the scene center error. This error arises
from the inability to precisely locate the scene center, and is related
to the size of the digitized terrain scene cells. The estimated trajec-
tory will now follow a new path to the planned target. The actual
trajectory will then follow a path parallel to the new path continu-
ally incorporating the correction vector. This results in the weapon
arriving at the indicated impact point. This point differs from the
actual target location primarily by the sum of the scene center and
scene/target relative errors, which is signi� cantly less than the sum
of the pseudorange and absolute target (or scene) location random
bias errors.

Application of the correctionvector to GPS updates is performed
external to the Kalman � lter, thus resulting in no modi� cation to
the structure of the onboard � lter. The corrected position solution
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Fig. 1 Correction vector scheme pictorial.

formed by implementing the scheme is used to drive the precision
strike weapon’s autopilotto provide the proper guidancecommands
in the scene/target coordinate frame. With respect to the target, the
errors incurred in this scheme can be divided into four categories;
navigation, steering, scene location, and relative target location er-
rors. The � rst error is the purely navigational error associated with
the weapon position as estimated by the Kalman � lter. This error,
after subtraction of the correction vector, is driven mainly by the
� ltered white noise component of the GPS measurements and by
weapon accelerations,both linear and angular,which excite the var-
ious instrument terms. For typical terrain scene to target distances,
this error is the smallest of the four. The navigational error will,
however, grow slowly with time as the GPS updates become pro-
gressively less correlated with the GPS update at the terrain scene.
The second error is that associatedwith steering the guided weapon
to the target in response to the corrected weapon position estimates
and is also typicallysmall. The third error is the accuracyinherent in
the ability to locate the center of the terrain scene, whereas the � nal
error is that of the target relative to the terrain scene. The latter two
sourcesof error, in particular the � nal source of error, are the drivers
governingthe accuracy of the presently consideredbias elimination
scheme. Nonetheless,due to the small size of current digitizedcells
characterizing terrain scenes and the high accuracy of present day
satellite imagery, the total of all four errors (in the proper rss sense)
is signi� cantly less than that achieved with GPS-only navigation.

Mathematical Prediction of Accuracy
To assess the accuracyof this approach,a method for determining

the uncertaintyin the positionof the precisionstrikeweapon relative
to the target after application of the correction vector needs to be
established.The weapon position relative to the target xtw is the dif-
ference between the weapon position xw and the target position xt ,
both referenced to the ECEF coordinatesystem, i.e., xtw D xw ¡xt .
The weapon position, in turn, is the commanded weapon position,
which is sent to the autopilot xc plus a steering error d xs , which
represents the ability of the weapon to steer to the commanded po-
sition. In the relativeGPS correctionvector scheme, the commanded
weapon position at time k is the estimated weapon position as pro-
videdby the systemKalman � lter, xest(k), less the three-dimensional
correctionvectord. As alreadydiscussed,thecorrectionvectoris the
differencexest(0) ¡ xd , where xest(0) denotes the estimated weapon
position at the time of passage over the terrain scene (k D 0) and xd

is the position vector locating the terrain scene relative to the ECEF
coordinates. Taken all together, the weapon position relative to the
target at time k is given by

xtw(k) D xest(k) ¡ xest(0) C d xs(k) C xd ¡ xt (1)

The uncertainty in the weapon position is found by taking the co-
variance of this expression.

Because xest(k) ¡xest(0), d xs(k), and xd ¡xt are all uncorrelated,
the covariance of Eq. (1) is as follows:

E xtw(k)xT
tw(k) D E D xest(k)D xT

est(k)

C E d xs(k) d xT
s (k) C E (xd ¡ xt )(xd ¡ xt )

T (2)

where D xest(k) denotes xest(k) ¡ xest(0). The errors in xd and xt can
be written, respectively, as

d xd D d xec C d xcd , d xt D d xec C d xct (3)

where d xec is theerror in locatingthe true terrainscenecenterrelative
to ECEF, d xct is the target to terrain scene relative error, and d xcd

is the error in locating the true center of the terrain scene incurred
in the process of establishing the correction vector. If the terrain
scene and target are on the same satellite geocell, then d xct is much
smaller than d xec. Also, assuming current cell sizes for the digitized
terrain scene, d xcd is signi� cantly less than d xec . If it is recognized
that d xct and d xcd are uncorrelated, then Eq. (2) can be rewritten
as

E xtw (k)xT
tw(k) D E D xest(k)D xT

est(k)

C E d xs(k) d xT
s (k) C E d xcd d xT

cd C E d xct d xT
ct (4)

In this form, the four errors discussedearlier are precisely the terms
appearingon the right-handside. Moreover, they appear in the same
order as discussed previously.

Whereasvalues for the second, third, and fourtherror termson the
right-hand side of Eq. (4) can be readily assigned,a time-dependent
value for the � rst error term, the purely navigationalerror, needs to
be determinedby means of a covarianceor Monte Carlo simulation,
which models the performance of the system Kalman � lter. This
is evident from examining the following expansion of this error
term:

E D xest(k)D xT
est(k) D E xest(k)xT

est(k) ¡ E xest(k)xT
est(0)

¡ E xest(0)xT
est(k) C E xest(0)xT

est(0) (5)

Clearly, the � rst and last terms here are just the position subma-
trices of the Kalman � lter covariance matrices at time k and time
0, respectively. To evaluate the middle two terms, it is necessary
to calculate the correlation that exists between xest(k) and xest(0)
in terms of the usual Kalman � lter parameters. Thus, the matrix
autocorrelationfunction R(k, 0), which connects the Kalman � lter
states at the terrain scene x(0) to those at a later time x(k), must be
determined.

The autocorrelation function, which is not evaluated in the nor-
mal mathematical representation of the Kalman � lter, is found to
be expressible in terms of the usual quantities that appear in the
Kalman � lter algorithm, namely, the Kalman gain K(k), the state
transition matrix U (k C 1, k), and the measurement matrix H(k).
In particular, the matrix autocorrelation function for the � rst GPS
update following the terrain scene is expressible as

R(1, 0) D [I ¡ K(1)H(1)]U (1, 0)P(0) (6)

where P(0) is the error covariance matrix at the terrain scene. For
later GPS updates,a computationallyef� cientmannerof calculating
the autocorrelationfunction has been derived, i.e.,

R(k C 1, 0) D [I ¡ K(k C 1)H(k C 1)]U (k C 1, k)R(k, 0) (7)

Usage of this equation eliminates the need to relate all matrix au-
tocorrelation functions back to the error covariance matrix at the
terrain scene.

Covariance Simulation Predictions
Whereas it makes sense intuitively that usage of the three-

dimensionalcorrectionvectorshouldachievehigh levelsofaccuracy
becauseof the highcorrelationbetweenthe GPS updateat the terrain
scene and subsequentGPS updates (provided the scene/target sepa-
ration is not excessive), this conceptneeds to be veri� ed by a covari-
ance simulation,where a high-qualitystrapdown inertial navigation
system tightly coupled with a high antijam GPS receiver/digital
nuller is modeled. The system Kalman � lter has 21 error states,
whereas the true world � lter in this simulation has 87 error states.
The dominant errors in GPS updating, the pseudorange random bi-
ases, appear as states only in the much larger true world � lter. To
predict the accuracy of the relative GPS correction vector scheme,
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Fig. 2 Accuracy of correction vector scheme.

the covariancesimulationincorporatesthe equationsdevelopedpre-
viously. Inasmuchas the Tomahawkmissile is being considered,the
terrain scene is a terminal area digital scene matching and area cor-
relation (DSMAC) scene.

Shown in Fig. 2 is a typical CEP plot from the covariance sim-
ulation, which illustrates that the highly accurate positional solu-
tion obtained from the relative GPS correction vector scheme de-
grades only minimally between the DSMAC scene and the target.
For target penetration considerations, the results presented here in-
corporate a terminal trajectory with a high-angle dive to impact
the target. At the target, the navigational error contributes 2.6%,
the steering error 10.2%, the scene center location error 20.9%,
and the relative target location error 66.3%, which is consistent
with the earlier discussion regarding relative error magnitudes.
An examination of Fig. 2 also reveals that the correction vector
scheme affords a substantial improvement over the situation where
the Kalman � lter accepts a high-quality DSMAC positional up-
date and, subsequently, the missile � ies in a free inertial manner
to the target (the mode of operation for the current Block III Tom-
ahawk missile). Because improvements in satellite imaging tech-
nology are expected to permit larger DSMAC scene to target sepa-
rations while maintaining the same scene/target relative error, free
inertial navigation to the target will clearly become less desirable,
and relative GPS schemes such as the one proposed herein more
desirable.

Summary
The advantage of employing the relative GPS correction vector

scheme is basically threefold. First, through the virtual elimination
of the pseudorange bias and absolute target location errors, imple-
mentation of this scheme results in accuracies at the target that are
signi� cantlybetter than thoseaffordedby a standardGPS-only navi-
gationsolution.Second, thenecessarymodi� cationsto existingnav-
igation software are minimal, and thus the correctionvector scheme
is seen to offer affordability,especiallywhen compared to the other
primary alternative for achieving precision strike accuracies, i.e.,
weapons equipped with terminal guidance seekers. Continuing the
comparison to terminal seekers, the proposed scheme also has an
all-weather advantagebecause terminal seekers typically suffer de-
graded performance in certain environments, e.g., infrared seekers
in low cloud ceilings. Finally, the proposed GPS bias elimination
scheme permits signi� cantly larger terrain scene to target separa-
tions and, hence, greater � exibility in mission planning.
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I. Introduction

I N this Note, a new method is presented for the numerical calcu-
lation of near-optimal solutions to trajectory optimization prob-

lems. The new approach, which is applicable to a wide class of
problems, relies on a scheme of sequentiallysolving low-order dis-
cretizedsubproblemson short,partlyoverlappingsubarcs.The tech-
nique requiresvery little computer memory and is ideally suited for
parallel processing. The overall convergence rate is probably only
linear,but thecalculationof individualtrajectoriesis veryfast,which
makes the overall algorithm competitive also in terms of speed.
Furthermore, each iterate of the trajectory satis� es all physical con-
straints, i.e., represents a feasible trajectory, even before complete
convergence to the optimal trajectory is achieved. That means the
iteration process can be stopped at any time and the currently best
obtained solution can be used as a feasible trajectory.

II. Problem Formulation
Let us consider the following class of optimal control problems:

min
u 2 (PW C [t0 , t f ])m

t f

t0

L(x , u, t) dt (1)

subject to the conditions

Px D f (x , u, t ) (2)

w 0[x(t0), t0] D 0 (3)

w f [x(t f ), t f ] D 0 (4)

Here, x(t ) : R ! Rn , u(t ) : R ! Rm are the state and control
functions of time, respectively, and t is the time. In addition to
the conditions (2–4), we may consider control constraints and state
constraintsof the general form

g(x , u, t ) · 0 (5)

h(x , t ) · 0 (6)

respectively.The smoothness of the functions

L : Rn C m C 1 ! R, f : Rn C m C 1 ! Rn

w 0 : Rn C 1 ! Rk0 , k0 · n

w f : Rn C 1 ! Rk f , k f · n

Pg : Rn C m C 1 ! Rp , h : Rn C 1 ! Rq

with respect to their arguments is assumed to be of whatever or-
der is required. (PWC [t0 , t f ])m denotes the set of all piecewise
continuous functions de� ned on the interval [t0 , t f ] and mapping
into Rm . Conditions (2–4) represent the differentialequationsof the
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